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Abstract. A sublinear biLipschitz equivalence (SBE) between metric spaces is a map from one

space to another that distorts distances with bounded multiplicative constants and sublinear
additive error. Given any sublinear function κ, κ-Morse boundaries are defined for all geodesic

proper metric spaces as a quasi-isometrically invariant and metrizable topological space of quasi-

geodesic rays. In this paper, we prove that κ-Morse boundaries of proper geodesic metric spaces
are invariant under suitable SBEs. A tool in the proof is the use of sublinear rays, that is, sub-

linear bilispchitz embeddings of the half line, generalizing quasi-geodesic rays. As an application

we distinguish a pair of right-angled Coxeter groups brought up by Behrstock up to sublinear
biLipschitz equivalence. We also show that under mild assumptions, generic random walks on

countable groups are sublinear rays.

1. Introduction

Sublinear biLipschitz equivalence is an equivalence relation between metric spaces that naturally
generalizes quasiisometries. It appeared first without a name, and then more explicitly in the
work of Cornulier on asymptotic cones of Lie groups [Cor08, Cor11], before being studied for its
own sake [Cor19, Pal20]. Following Cornulier we will abbreviate this relation as SBE. Because
Gromov hyperbolicity admits a characterization in terms of asymptotic cones, it follows that being
hyperbolic is an SBE-invariant property among compactly generated locally compact groups; this
was noted by Cornulier [Cor19, Theorem 4.3].

In this project we extend this result beyond groups and spaces that are Gromov hyperbolic.
Precisely, given a proper geodesic space that is not Gromov hyperbolic, but exhibiting some features
of Gromov hyperbolic spaces, one can study its large scale hyperbolic-like structure by describing
the sublinearly Morse boundaries of the group [QRT20]. The latter is a topological space collecting
a large set of quasi-geodesic rays behaving in a hyperbolic fashion; when the space is Gromov-
hyperbolic, all of its sublinearly Morse boundaries are homeomorphic to its Gromov boundary.
In this paper we show that the set of subblinearly Morse directions are invariant under suitable
sublinear biLipschitz equivalence. We then go further to obtain simultaneous generalizations of two
distinct previous results in the literature :

(1) (See §1.1 below) Qing, Rafi and Tiozzo’s theorem that the homeomorphism type of the
sublinearly Morse boundary is a quasi-isometry invariant among proper geodesic metric
spaces [QRT20, Theorem A(2)].

(2) (See §1.2 below) Cornulier’s theorem that the homeomorphism type of the Gromov bound-
ary is SBE invariant among Gromov-hyperbolic groups [Cor19].

We recall some context on these two theorems.
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1.1. Boundaries. In his seminal article [Gro87], Gromov introduced the class of hyperbolic groups
and attached to such groups an equivariant bordification, now called the Gromov boundary. The
class of Gromov-hyperbolic group is closed under quasiisometry, and the quasiisometries extend
equivariantly to the Gromov boundaries.

The class of Gromov hyperbolic groups and spaces is however not vast enough to include natural
examples such as CAT(0) groups and mapping class groups of surfaces of finite type.

For CAT(0) groups and spaces, the visual boundary (the set of all geodesic rays emanating
from a fixed base-point (X, o), up to fellow travel) does not provide a good large-scale invariant
(as indicated by the works from Croke-Kleiner [CK00] to Qing [Qin16]). In [QRT19], the second
named author and Rafi consider the set of quasi-geodesic rays whose Morse property is weakened
compared to that of geodesic rays in Gromov spaces. In particular, given a sublinear function κ,
Qing-Rafi define a quasi-geodesic ray γ to be sublinearly κ-Morse if any other geodesic segment with
endpoints on γ is uniformly κ-close to γ, i.e. their distances to γ is bounded above by n(q,Q)κ(‖x‖),
where n(q,Q) is a constant depends only on the quasi-geodesic constants (q,Q) of the segment, and
the distance of each point on the segment to the origin, ‖x‖ = d(o, x). The collection of all such
quasi-geodesic rays, together with a coarse cone topology, is referred to as the κ-boundary of X,
and denoted ∂κX. These boundaries are shown to be quasi-isometrically invariant topological
spaces attached to all proper geodesic spaces [QRT20]. Therefore one can denote a κ-boundary
of a group with ∂κG. Furthermore, they are metrizable topological spaces ([QRT20]). Since their
introduction, sublinearly Morse boundaries are studied and compared to Gromov boundaries in
various ways, such as via visibility, divergence and contracting properties (See[MQZ21], [IZ] and
[Zal21] ).

One important application of the sublinear boundaries is that, for appropriately chosen κ, ∂κG
is a topological model for the Poisson boundaries of simple random walks on various groups, such as
right-angled Artin groups [QRT19], mapping class groups and relative hyperbolic groups [QRT20],
hierarchically hyperbolic groups [NQ22], CAT(0) groups [GQR22] and Teichmüller spaces [GQR22].
The sublinearly Morse directions are also shown to be generic in Patterson Sullivan measure under
suitable conditions [GQR22]. Most recently, Choi [Cho] claim this result to hold for all groups with
two independent isometries with contracting axes.

1.2. Sublinear biLipschitz equivalence. Sublinear biLipschitz equivalence (SBE) appeared in
works of Cornulier, where it was motivated by the quasiisometry classification of connected Lie
groups. Cornulier noted that while the quasiisometry classification of all such groups reduces to
that of closed subgroups of real upper triangular matrices, the sublinear biLipschitz equivalence
classification reduces to that of a smaller class, and that it was completely treated by the literature
in the nilpotent case [Cor11]. In [Cor19] Cornulier asked about the SBE classification for other
classes of groups, especially the word-hyperbolic groups.

As mentioned above, the first SBE invariant is the asymptotic cone; it is also the most natural
one, since SBE may be defined as the largest class of maps inducing biLipschitz homeomorphisms
between asymptotic cones with fixed base-points [Cor11]. A geodesic metric space X is Gromov-
hyperbolic if and only if all its asymptotic cones are real trees, for every choice of sequence of
base-points [Gro93, 2.A] [Dru02, Proposition 3.A.4]. It follows that Gromov-hyperbolicity is an
SBE-invariant among compactly generated locally compact groups, and especially among finitely
generated groups)[Cor19, Theorem 4.3]. Cornulier proved that SBEs between Gromov-hyperbolic
groups induce biHölder homeomorphisms between their Gromov boundaries; this was slightly im-
proved by the first named author showing that a sublinear conformal structure in the Gromov
boundary is actually preserved [Cor19, Pal20]. In this paper we extend the topological invairance
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of the Gromov boundary to that of a family of topological spaces that can be attached to any
proper geodesic metric spaces:

Theorem A. (Theorem 4.4) Let L > 1, and let θ be a concave, nondecreasing and stictly sublinear
function. Consider proper geodesic metric spaces X and Y , let Φ: X → Y be a (L, θ)-sublinear
bi-Lipschitz equivalence between X and Y . Then, for every concave, nondecreasing and strictly
sublinear function κ that dominates θ, there is a homeomorphism Φ? : ∂κX → ∂κY , induced by Φ.

In the statement when we say that κ dominates θ we mean that there exists constants C1, C2 and
a nonnegative real number t0 such that for all t > t0, κ(t) ≥ C1θ(t)+C2. For the complete definitions
of the κ-Morse boundary ∂κ and of a (L, θ)-sublinear biLipschitz equivalence we refer to Subsection
2.4 and Definition 2.11 respectively. When θ = 1, Φ is a quasiisometry and Theorem A is exactly
[QRT20, Theorem A(2)]; when X and Y are Gromov hyperbolic, Theorem A is a consequence of
Theorem 1.7 in [Cor19].

Application. As an application, we use Theorem A to distinguish two non-relatively hyperbolic
right-angled Coxeter groups up to SBE in Section 4. This pair was presented by Behrstock in
[Be19]. Determining whether these two groups have bilipschitz homeomorphic asymptotic cones
or not is an open question [Be]. On the other hand, we check in 4.2 that their sublinearly Morse
boundaries have different topological dimensions, which allows us to conclude from Theorem A that
they cannot be sublinear biLipschitz equivalent.

The proof of Theorem 4.4 makes use of sublinear rays, introduced in [Pal20] (there called
(λ,O(v))-rays). These are images of the half-line under a sublinear bi-Lipschitz embedding. As
such, they are analogues of quasi-geodesics, but with an additive constant of quasigedoesicity that
grows sublinearly. If the growth if logarithmic, we call the resulting sublinear ray a logarithmic ray.
Sublinear rays also play an important role in the statement of our second result.

1.3. Random walks. Similar to the development of sublinearly Morse boundaries, an important
motivation behind this project stems from simple random walk on finitely generated groups. In
[Tio15], Tiozzo show that given a surface S, in the Teichmüller space T (S), a generic random walk
tracks a geodesic sublinearly. In Section 5 of this paper, we show that this implies that a generic
random walk is a sublinear ray.

Theorem B (Theorem 5.1). Let G be the mapping class group Mod(S) of a finite type surface, or
let G be a finitely generated relatively hyperbolic group. Let µ be a probability measure on G with
finite first moment with respect to any word metric on G, such that the subsemigroup generated
by the support of µ is a non-amenable group. Then almost every sample path of the random walk
associated to µ is a logarithmic ray.

In fact, a version of this result with a weaker conclusion holds for a larger class of group actions:
we combine the proof of Theorem 5.1 together Theorem 6 in [Tio15] to obtain the following.

Theorem B’ (Theorem 5.2). Let G be a countable group acting via isometries on a proper, geodesic,
metric space (X, d) with a non-trivial, stably visible compactification. Let o denote a basepoint in
X. Let µ be a probability measure on G with finite first moment with respect to d, such that the
subsemigroup generated by the support of µ is a non-amenable group. Then for almost every sample
path (wn) of the random walk associated to µ, (wn · o) is a sublinear ray.

While Theorem 5.1 is logically independent from Theorem 4.4, both theorems promote the use
of sublinear rays. Whereas a generic random walk is not a quasi-geodesic, it is a sublinear ray, and
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many of the geometric techniques devised for quasi-geodesics can be employed to treat sublinear
rays as if they were quasi-geodesics.

1.4. Organization of the paper. Section 2 collects preliminary information; especially we recall
the relevant definitions and facts concerning sublinear biLipschitz equivalence, rays, and the sub-
linearly Morse boundaries. Beware that we chose to adopt the notation from [QRT20] so that the
notation for sublinear biLipschitz equivalence is not the usual one. Section 3 is a preparation for
Section 4, which is itself devoted to the proof of Theorem 4.4. Section 5 deals with Theorem B and
Theorem B’. It only builds on the preliminaries and can be read without Sections 3 and 4.

2. Preliminaries

2.1. Notation and convention for the sublinear functions. Throughout this paper, let X
and Y denote pointed proper geodesic metric spaces. The base-points in both spaces are denoted
o. The distance to the base-point is denoted ‖x‖ = d(x, o) for all x ∈ X or x ∈ Y . Let κ be a
concave nondecreasing and strictly sublinear function. The last condition means that κ(r)/r goes
to 0 as r tends to +∞. We also assume κ > 1.

By κ(x) for x ∈ X or Y we mean κ(‖x‖). Let Z ⊆ X be a closed subspace of X and D > 0,
then Nκ(Z,D) will denote {x ∈ X : d(x, Z) 6 Dκ(x)}. We say that D is small with respect to r,
and write D� r, if D 6 r/(2κ(r)).

2.2. Sublinear estimates. Here is a basic sublinear estimate that we need:

Lemma 2.1 (Sublinear Estimation Lemma). For any D0 > 0, there exists D1,D2 > 0 depending
on D0 and κ so that, for x, y ∈ X,

d(x, y) ≤ D0 · κ(x) =⇒ D1κ(x) ≤ κ(y) ≤ D2κ(x).

Proof. Since κ is sublinear, there is R > 0 such that κ(x) 6 1
2D0
‖x‖ as soon as ‖x‖ > R. And then

d(x, y) 6 D0κ(x) implies that ‖y‖ 6 3‖x‖/2 by the triangle inequality, so that, in all cases,

κ(y) 6

[
sup
r>R

κ(3r/2)

κ(r)
+ κ(3R/2)

]
κ(x)

where we used that κ(x) > 1. We may define D2 = supr>R
κ(3r/2)
κ(r) + κ(3R/2). On the other hand,

if ‖x‖ > R then ‖y‖ > ‖x‖/2 so that

κ(y) >

[
inf
r>R

κ(r/2)

κ(r)

]
κ(x)

Setting D1 = min(infr>R
κ(r/2)
κ(r) , 1/κ(R)) finishes the proof. �

2.3. Quasi-geodesics and θ-rays. Here, θ is a function with the same properties as κ, that were
specified in §2.1.

Definition 2.2 (Sublinear ray). Let X be a proper pointed geodesic metric space. Let L > 1 be a
constant. Say that γ : [0,+∞) → X with γ(0) = o is a (L, θ)-ray, or a θ-ray for short, if for every
s, t ∈ [0,+∞)

(2.1)
1

L
|s− t| − θ(max(s, t)) 6 d(γ(s), γ(t)) 6 L|s− t|+ θ(max(s, t)).
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If we do not want to specify θ, we will just say that γ as in the definition above is a sublinear
ray. Beware that in [Pal20] we did not ask γ(0) = o in the definition of a sublinear ray but we do
it here. The difference is not a serious one, as one may simply advance the function θ (i.e. replace
θ with θ(D + ·)) to accommodate for the change.

Remark 2.3 (compare [Pal20, Lemma 3.2]). If γ is a sublinear ray with large-scale Lipschitz constant
L and sublinear function θ, then for s large enough 1

2L |s| 6 ‖γ(s)‖ 6 2L|s| (apply (2.1) with fixed

t), hence there exists θ̂ = O(θ) such that for s and t large enough,

(2.2)
1

L
|s− t| − θ̂(max(‖γ(s)‖, ‖γ(t)‖)) 6 d(γ(s), γ(t)) 6 L|s− t|+ θ̂(max(‖γ(s)‖, ‖γ(t)‖)).

When θ is a constant, the Definition 2.2 is that of a quasi-geodesic ray. For our purposes, it is
however necessary to treat the latter specifically because they play a special role in the definition
of the sublinearly Morse boundary. Hence, we will use q for L and Q for θ when we want to denote
a quasi-geodesic ray.

Lemma 2.4 (Connect-the-dots for θ-rays). Let γ be a (L, θ)-ray in a proper geodesic metric space
X. Then there exists n > 0 and γ̂ which is a (L, n · θ)-ray in X with the property that

• γ(t) = γ̂(t) for all nonnegative integer t.
• γ̂ is continuous.

Moreover, there exists n > 0 such that

(2.3) d(γ(t), γ̂(t)) 6 n · θ(t)
for all t.

We will refer to γ̂ as a continuous completion of γ.

Proof. For every t ∈ N, choose a geodesic segment σt from γ(t) to γ(t + 1) at unit speed and
denote its length `t. Note that `(t) 6 L+ θ(t+ 1) by the inequality on the right in (2.1). Now for
all t ∈ [0,+∞) set γ̂(t) = σt(`t · {t}) where {t} denotes the fractional part of t. In this way γ̂ is
continuous by construction. Let t, s ∈ [0,+∞) be such that t 6 s. Then, either bsc = btc, in which

case d(̂(γ(t), γ(s)) 6 `btc 6 θ(t+ 1) 6 n0θ(t) for some n0 by the properties of θ, or

d(γ(t), γ(s)) 6 d(γ(t), γ(dte)) + d(γ(dte), γ(bsc)) + d(γ(bsc), γ(s))

6 L(bsc − dte)) + 2θ(s+ 1)

6 L|s− t|+ 2θ(s+ 1).

and

d(γ(t), γ(s)) > d(γ(dse), γ(btc))− d(γ(s), γ(dse))− d(γ(btc), γ(t))

> L−1(dse − btc))− 2θ(s+ 1)

> L−1|s− t|+ 2θ(s+ 1).

Finally, 2θ(s+ 1) 6 n1θ(s) for some n1, it remains to set n = max(n0, n1). �

Definition 2.5. Let α, β be quasi-geodesic rays or (L, θ)-rays for some L and θ in a proper geodesic
space. We say α ∼ β if either of the following holds:

(1) limt→∞
d(α(t),β)

t = 0.

(2) limt→∞
d(β(t),α)

t = 0.
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Lemma 2.6. (1) and (2) are equivalent.

Beware that Lemma 2.6 is false if one replaces α and β with arbitrary maps, even proper maps
from the half-line to X that respect the inequality on the right hand side of (2.1). For instance,
if one considers the plane parametric curve β parametrized by arc-length progressing along the
horizontal axis and making jumps of height 2n at time 2n for all n > 0, and the parametrization of
the horizontal axis α, then this pair has (1) but not (2).

Proof. Assume (1) holds and define η(s) = d(α(s), β) for s ∈ [0,+∞); this function η is sublinear.
Let us introduce the set

T = {t ∈ [0,+∞) : ∃s ∈ [0,+∞), d(α(s), β(t)) 6 2d(α(s), β)} .

We claim that T cannot have large holes, more precisely there is no ε > 0 and sequence (tn)
with limit +∞ such that

(2.4) (tn(1− ε); tn(1 + ε)) ∩ T = ∅

for all n. Indeed, assume the contrary and define

sn = sup{s : ∃t < tn, d(α(s), β(t)) 6 2d(α(s), β)}

It can be checked that sn is well defined for all n and tends to +∞, since α is proper while β[0, tn] is
bounded and X is proper. Now consider a nearest point projection pn of α(sn+1) on β. Necessarily,
t > tn(1 + ε) for every t such that pn = β(t), in view of the definition of sn and tn. Let qn be a
nearest-point projection of α(sn) on β; by the same argument, if qn = β(t) then t < tn(1−ε). Now,
on the one hand by the triangle inequality,

d(pn, qn) 6 d(pn, α(sn + 1) + d(α(sn + 1), α(sn)) + d(α(sn), qn))

6 L+ θ(sn+1) + η(sn) + η(sn + 1).(2.5)

On the other hand, by the left-hand side of (2.1),

d(pn, qn) > 2L−1εtn − θ̂(max(‖pn‖, ‖qn‖))(2.6)

where θ̂ = O(θ). However, there is a constant M > 0 such that M−1tn 6 sn 6 Mtn for n large
enough; one can take M = 2L2(1 + ε), by considering the first inequality in Remark 2.3.

Making n→ +∞ and using that θ, θ̂ and η are sublinear, (2.5) and (2.6) are in contradiction with
one another. Thus (2.4) cannot be true. It follows that there is a sublinear function µ such that for
all t > 0, there is t′ with |t− t′| 6 µ(t) and t′ ∈ T . And then d(β(t), α) 6 d(β(t), β(t′))+d(β(t′), α),
which is bounded above by a sublinear function of t involving η, µ and L in view of the definition
of T and the linear control between s and t when β(t′) is a closest point projection of α(s) on β.
We proved that (1) implies (2) for (L, θ) rays; the converse implication holds by symmetry, and
quasi-geodesics are θ-rays, hence the Lemma is proved. �

2.4. Definition of the sublinearly Morse boundary ∂X. For more extensive references on
sublinearly Morse boundaries, see [QRT19] and [QRT20]. A (q,Q)-quasigeodesic is a map γ :
[0,+∞)→ X such that 1

qd(x, y)− Q 6 d(γ(x), γ(y)) 6 qd(x, y) + Q for all x, y ∈ [0,+∞).

Definition 2.7 (κ-Morse quasigeodesic [QRT20, Definition 3.2]). Let Z ⊆ X be a closed subspace.
Let mZ : R2 → R be a proper function. We say that Z is κ-Morse with Morse gauge mZ if for every
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αβ

β(tn−1)

β(tn)

α(sn) α(sn + 1)

pn
qn

β(tn(1 + ε))β(tn(1− ε))

Figure 1. Proof of Lemma 2.6.

sublinear function κ′, for every r > 0, n > 0 such that mZ(q,Q)�κ r, there exists R(Z, r, n, κ′) > 0
such that if β is a (q,Q)-quasigeodesic then

dX(βR, Z) 6 n · κ′(R)=⇒β|r ⊂ Nκ(Z,mZ(q,Q)).

Applying the definition to all r > 0 we have the following alternative characterization:

Definition 2.8. Let Z be a closed subspace. Let mZ : R2 → R be a proper function. We say
that Z is κ-Morse with Morse gauge mZ if β is any other (q,Q)-quasi-geodesic ray that sublinearly
tracks Z, then we have:

β ∈ Nκ(Z,mZ(q,Q)).

Proposition 2.9 ([QRT20, Lemma 3.4 and Corollary 3.5]). Let α and β are quasi-gedodesic rays
in X, such that β is (q,Q)-quasi-geodesic and α is κ-Morse. If α ∼ β then β is κ-Morse with gauge
mα + 4mα(q,Q).

We will reprove this in a greater generality in Proposition 3.1.
Define ∂κX as the set of κ-Morse quasigeodesic up to ∼. For any κ-Morse β , define ∂U(β, r) as

{a : α ∈ a is a (q,Q)-quasigeodesic and r �κ mβ(q,Q)=⇒α|r ⊆ Nκ(β,mβ(q,Q))},

and then

∂B(b) = {V ⊆ ∂κX : ∃β ∈ b,∃r > 0,V ⊇ ∂U(β, r)}.
The topology on ∂κX is defined as the unique one so that the ∂B(b) are the neighbourhood systems
at b [QRT20, Lemma 4.5]; it is metrizable [QRT20, Lemma 4.8]. Finally, the sublinearly Morse
boundary is defined as ∂X = ∪κ ↑ ∂κX.

2.5. Sublinear biLipschitz equivalence. In this paragraph, θ is a sublinear function with the
same properties as κ.

Definition 2.10. Let Z and Z ′ be two closed unbounded subsets in X. Say that Z and Z ′ linearly
separate if d(Z ∩ S(o, r), Z ′)− r stays bounded as r → +∞.

Definition 2.11 (θ-SBE). Let (X, o) and (Y, o) be proper geodesic metric spaces with basepoints.
Let L > 1 be a constant, and let θ be a sublinear function as before. We say that Φ : X → Y is a
(L, θ)-sublinear biLipschitz equivalence (θ-SBE for short) if

1

L
d(x1, x2)− θ(max(‖x1‖, ‖x2‖)) 6 d(Φ(x1),Φ(x2))) 6 Ld(x1, x2) + θ(max(‖x1‖, ‖x2‖))

and Y = Nθ(Φ(X), D) for some D > 0.
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Proposition 2.12 (Inverses). Let Φ : X → Y be a θ-SBE. Then there exists Φ : Y → X a θ-SBE
and n > 0 such that for all x ∈ X,

(2.7) d(x,Φ(Φ(x))) 6 n · θ(x)

and for all y ∈ Y ,

(2.8) d(y,Φ(Φ(y))) 6 n · θ(y).

Proof. This follows from [Cor19, Proposition 2.4], however, let us give here a self-contained proof.
For simplicity, let us assume for now that Φ(X) is closed in Y ; we will see in the end how to remove
this assumption if necessary. For every y ∈ Y , define Φ(y) as some x ∈ X such that Φ(X) is
a nearest-point projection of y on Φ(X). By assumption, Φ is a θ-SBE, hence applying the last
property in Definition 2.11 one gets that

(2.9) d(y,Φ(Φ(y))) 6 Dθ(Φ(x)),

for some D > 0. This is almost (2.8); let us rework this inequality slightly. Since we know
that d(y,Φ(x)) 6 Dθ(‖y‖), when y is far enough from o, there is some constant K so that as
soon as ‖y‖ > K, ‖y‖/2 6 ‖Φ(x)‖ 6 2‖y‖. It follows that for some constant K ′, for all y,
‖Φ(x)‖ 6 2‖y‖+K ′. Hence

d(y,Φ(Φ(y))) 6 Dθ(Φ(x)) 6 Dθ(2‖y‖+K ′) = O(θ(y)).

Thus we proved (2.8). Now for (2.7), note that x and Φ(Φ(x)) have the same image, namely Φ(x),
through Φ. So 1

Ld(x,Φ(Φ(x))− θ(max(‖x‖, ‖Φ(Φ(x))‖) 6 d(Φ(x),Φ(x)) = 0, whence

(2.10) d(x,Φ(Φ(x)) 6 Lθ(max(‖x‖, ‖Φ(Φ(x))‖).
But also 1

L‖Φ(Φ(x)‖ − θ(Φ(Φ(x))) 6 ‖Φ(x)‖ 6 L‖x‖ + θ(x). There exists K such that θ(r) 6
K + r/(2L)), and then

1

2L
‖Φ(Φ(x)‖ 6 L‖x‖+

‖x‖
2L

+ 2K.

Plugging this into (2.10),

d(x,Φ(Φ(x)) 6 Lθ(max(‖x‖, (2L2 + 1)‖x‖+ 2LK) = O(θ(‖x‖)).
Finally we need to prove that Φ is a θ-SBE. Applying the inequality on the right in Definition 2.11
for Φ,

d(Φ(y),Φ(y′)) 6 Ld(ΦΦ(y),ΦΦ(y′)) + θ(max(‖Φ(y)‖, ‖Φ(y′)‖))
6 Ld(y, y′) + 2θ(max(‖y‖, ‖y′‖, ‖Φ(y)‖, ‖Φ(y′)‖))

Note that
1

L
‖Φ(y)‖ − θ(‖Φ(y)‖) 6 d(ΦΦ(y),Φ(o)) 6 ‖y‖+O(θ(‖y‖)).

so that ‖Φ(y)‖ 6 2L‖y‖+M for some constant M . Thus

d(Φ(y),Φ(y′)) 6 Ld(y, y′) + 2θ(max(‖y‖, ‖y′‖, ‖Φ(y)‖, ‖Φ(y′)‖)) 6 Ld(y, y′) + 2Pθ(max(‖y‖, ‖y′‖)
for some P > 0. This proves the inequality on the right in Definition 2.11 for Φ ; in the exact same
way, the left inequality on the left is obtained by using the inequality on the left for Φ.

It remains to check that X = Nθ(Φ(Y ), D) for some D > 0. This follows from (2.7) exactly the
same way that we deduced (2.8) from (2.9).

Finally, Φ(X) may not be closed in Y , but in the construction of Φ(y), we can relax the con-
dition defining Φ(y) by replacing the nearest-point projection of y with some point at distance at
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most 2d(y,Φ(X)) from y. All the estimates afterwards go through with additional multiplicative
constants. �

Remark 2.13. When θ = 1, the proof is easier and it is one of the first exercises on quasiisometries
in textbooks; see e.g. [DK18, Exercise 8.12].

Lemma 2.14. Let α be an (L, θ)-ray. Let Φ and Φ be as in Proposition 2.12. Let α̂ and Φ̂Φα be
continuous completions of α and ΦΦα. Then there exists n depending on L and θ and n′ depending

on L, θ and Φ, such that α̂ ⊂ Nθ(Φ̂Φα, n) and Φ̂Φα ⊂ Nθ(α̂, n′).

Proof. By Proposition 2.12, there exists n0 such that for every x in α, d(x,ΦΦx) 6 n0θ(x). Hence
α ⊂ Nθ(ΦΦα, n0). Morever, by Equation (2.3) and Remark 2.3, there is n1 depending on L and θ
such that

d(γ̂(t), γ(t) 6 n1θ(max(‖γ(t)‖, ‖γ̂(t)‖)

for all t. It follows that

α ⊂ Nθ(ΦΦα, n0 + n1).

By Lemma 2.1, since d(x,ΦΦx) 6 n0κ(x) for all x in α, there are D1, D2 such that D1κ(x) 6
κ(ΦΦx) 6 D2κ(x) for every x on α. Finally, ΦΦα is a (L′, θ) ray where L′ depends on L and Φ. So
applying again Equation (2.3) and Remark 2.3, there exists n′1 such that

d(Φ̂Φγ(t),ΦΦγ(t)) 6 n1θ(max(‖ΦΦγ(t)‖, ‖Φ̂Φγ(t)‖).

Setting n′ = n0 + n′1 finishes the proof. �

There exist several degree of closeness between κ-rays. The first is the ∼ relation defined earlier.

Definition 2.15 (κ-fellow travelling rays). Given two rays α and β (which are frequently either
quasi-geodesic rays or θ-rays in this paper) we say, α and β κ-fellow travel each other if there exists
n and for all t > 0, we have

d(α(t), β(t)) ≤ n · κ(t).

Further, we say that α and β κ-track each other if there exists n1 such that

d(αr, βr) ≤ n1 · κ(r).

for all r.

Note that if α and β κ-fellow travel each other, then they κ-track each other, however the
converse is not true.

Lemma 2.16. Let α and α′ be fellow-travelling (L, θ)-rays, and assume that α is κ-Morse. Then,
α′ is 2κ+ θ-Morse.

Proof. We will show that the characterization of Definition 2.8 holds here. Let β be quasi-geodesic
ray that sublinearly tracks α′ and let that sublinear tracking function be ρ(t). Since α′ and α are κ-
fellow traveling θ-rays, we have that β is in a (ρ+κ+θ)-neighbourhood of α. Since α is κ-Morse, by
Definition 2.8 we have that β is in a κ-neighbourhood of α. But since α is in a κ+θ neighbourhood
of α′, we have that β is in a 2κ+ θ neighbourhood of α′. Therefore, α′ is 2κ+ θ-Morse. �
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3. θ-SBE invariance of the κ-Morse quasi-geodesic rays, when θ = O(κ)

In this section we establish what happens to κ-Morse quasi-geodesic rays under (L, θ) maps. We
prove that they behave well in the sense that they are sent to images sublinearly tracking sublinearly
Morse geodesic rays, provided that κ dominates θ.

Precisely, given two sublinear functions κ, θ, we say κ dominates θ if there exists constants C1, C2

and some t0 such that for all t > t0,

κ(t) ≥ C1θ(t) + C2.

Therefore in the results proven, we show frequently a ray is (κ + θ)-Morse, which implies it is
κ-Morse if θ � κ and it is θ-Morse if κ � θ.

3.1. κ-Morse rays. Assume that α is a κ-Morse (L, θ)-ray in a proper metric space. Then we can
establish that a quasi-geodesic ray that tracks α sublinearly is itself κ-Morse.

Proposition 3.1. Assume that κ dominates θ. Let α be an (L, θ)-ray that is κ-Morse, and let
β ∼ α be a (q,Q)-quasigeodesic ray that tracks α sublinearly. Then β is κ-Morse.

o α

β

β′

≤ κ′(R)

≤ κ′(R+ κ′(R))

yt

qt

st

β′R

pR

Figure 2. The setup in the proof of Proposition 3.1.

Proof. The proof is similar to that of [QRT20, Lemma 3.4] where β is also (q,Q)-quasi-geodesic but
α is a κ-Morse quasi-geodesic instead of a κ-Morse (L, θ)-ray. First, assume that α is continuous. By
an identical proof of [BH99, Lemma III.1.11], an (L, θ)-ray α can always be made to be continuous
as an (L, 2θ)-ray, thus we assume without loss of generality from now on that α is continuous.

Define κ′(r) := dX(βr, α). By Definition 2.5 and Lemma 2.6, the function κ′ is sublinear. Let us
now prove that β is κ-Morse. Let r > 0 and let β′ be a (q′,Q′)-quasi-geodesic ray such that

dX(β′R, β) ≤ κ′(R)

for some sufficiently large R. Let pR be a nearest point projection of β′R to β; by construction and
by triangle inequality, we have

‖pR‖ ≤ 2‖β′R‖ = 2R.
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Then, by the triangle inequality,

dX(β′R, α) ≤ dX(β′R, pR) + dX(pR, α)

≤ κ′(R) + mα(q,Q) · κ(‖pR‖) β is a quasi-geodesic ray and hence

is in a κ-neighbourhood of α.

≤ κ′(R) + mα(q,Q) · κ(2R).

Since κ′′(R) := κ′(R) + m(q,Q) · κ(2R) is also a sublinear function, and since α is κ-Morse, this
implies that

(3.1) β′|r ⊆ Nκ(α,mα(q′,Q′)).

Let yt be any point on β′ with ‖yt‖ = t ≤ r. By construction and triangle inequality, if qt is a
nearest point projection of yt to α, we have

‖qt‖ ≤ 2‖yt‖ = 2t.

Now, if q is any point on α and s is a nearest point projection of q to β, by the triangle inequality
and the Morse property,

‖q‖ ≥ ‖s‖ − dX(s, q) ≥ ‖s‖ −mα(q,Q) · κ(‖s‖).
Moreover, again by construction and triangle inequality, ‖s‖ ≤ 2‖q‖, hence by concavity

dX(s, q) ≤ mα(q,Q) · κ(‖s‖) ≤ 2mα(q,Q) · κ(‖q‖).
Thus, let st be a nearest point projection of qt to β, the above estimate yields

dX(qt, st) ≤ 2mα(q,Q) · κ(‖qt‖)
≤ 4mα(q,Q) · κ(t)

hence, putting everything together,

dX(yt, β) ≤ dX(yt, qt) + dX(qt, st)

≤ mα(q′,Q′) · κ(t) + 4mα(q,Q) · κ(t)

which, by setting mβ(q′,Q′) := mα(q′,Q′) + 4mα(q,Q), proves the claim. Finally, α may not be
continuous. In the case where it is not, using the notation from Lemma 2.4, we have to check that
α̂ inherits the κ-Morse property, which follows readily from Lemma 2.16. �

Building on these results we are now ready to establish the map on ∂κX that is induced by an
SBE.

Lemma 3.2. If α is a (q, Q)-κ-Morse quasi-geodesic ray in X, and Φ is an (L, θ)-sublinear bi-
Lipschitz equivalence between two proper metric spaces X and Y . Then ΦΦα is (κ+ θ)-Morse.

Proof. Consider α,ΦΦα. By Proposition 2.12, every point x of α is θ(x) away from the point ΦΦ(x).
Consider a (q,Q)-quasi-geodesic γ that is sublinearly tracking ΦΦα. Let this tracking function be
denoted κ′.

Then, there exists a constant C such that any point y on γ is distance at most C(κ′(y) + θ(y))

from α. Indeed, d(y,ΦΦα‖y‖) 6 κ′(y) and then by Proposition 2.12, d(y, α) 6 κ′(y) + θ̂(y) where

θ̂ 6 Cθ for some C by (2.2).
Since α is κ-Morse and C(κ′(y) + θ(y)) is a sublinear function, by Proposition 3.1 we have that

γ is in a κ-neighbourhod of α and γ is κ-Morse.
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Therefore we have that γ is in Nκ(α,m) for some m. Since α is θ-tracking ΦΦα, we have that γ
is m · κ+ θ tracking ΦΦα. Thus we have shown that any quasi-geodesic ray that sublinearly tracks
ΦΦα with rate m · κ+ θ. Thus ΦΦα is (κ+ θ)-Morse. �

α

γ

ΦΦα

Figure 3. Proof of Lemma 3.2.

Proposition 3.3. If α is a (q, Q) κ-Morse quasi-geodesic ray in X, and Φ is an (L, θ)-sublinear
bi-Lipschitz equivalence between two proper metric spaces X and Y . Then Φα is (κ+ θ)-Morse.

Proof. Consider a (q,Q)-quasi-geodesic ray γ that sublinearly tracks Φα and let the tracking func-
tion be κ′. Consider the image Φγ. Φγ is distance θ + κ′ from ΦΦα. Since ΦΦα is θ-tracking α
we have that Φγ is 2θ + κ′-tracking α. By Proposition 3.1, Φγ is κ-Morse. Therefore, since α is a
quasi-geodesic that sublinearly tracks Φγ, we have that α and Φγ are κ-close.

Now apply Φ to both α and Φγ. Φα and ΦΦγ are κ + θ apart. Since ΦΦγ and γ are θ apart,
then we have that Φα and γ are at most κ + 2θ apart. This holds for every γ and thus we have
that Φα is (κ+ θ)-Morse. �

These two results guarantee that under a sublinear biLipschitz equivalence, the image of a κ-
Morse quasi-geodesic ray is an (L, θ)-ray that carries the κ-Morse property, i.e. any quasi-geodesic
ray that sublinearly tracks this set tracks it with a uniformly controlled sublinear function. The
next two results shows that the latter set, i.e. a κ-Morse (L, θ)-ray still has strong association with
a geodesic ray and thus can be connected with a κ-Morse equivalence class in ∂κX in Section 4.

Lemma 3.4. Let α be a κ-Morse (L, θ)-ray. Then there exists a geodesic ray a such that a and α
κ-track each other.

α

a
α(i1) α(i2) α(i3)

Figure 4. Proof of Lemma 3.4.

Proof. Since α is κ-Morse, let mα(q,Q) be its κ-Morse gauges. Consider the geodesic segments
connecting the base-point and α(i), i = 1, 2, 3 . . ..

Since α is κ-Morse, for every r > 0, there exists ir such that

α(ir) ∈ N1(α, 1) =⇒ [o, α(r)] ∈ Nκ(α,m(1, 0)).
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The space X is assumed to be proper. Thus by the Arzelá-Ascoli Theorem, for some extraction
{in}, the subsequence {[o, α(in)], n = 1, 2, 3 . . .} converges to a geodesic ray a.

For each n, all but the first n−1 segments in this sequence has the property that the intersection
of them with the ball of radius in is in the neighbourhood Nκ(α,m(1, 0)), thus their limit a is in
the neighbourhood Nκ(α,m(1, 0)). Thus a and α κ-track each other. �

Note that we used the κ-Morse property in an essential way.
When X is Gromov hyperbolic, Lemma 3.4 is a consequence of [Pal20, Lemma 3.4].

Proposition 3.5. If α is an (L, θ)-ray that is κ-Morse, then α is in a κ-neighbourhood of a unique
κ-Morse geodesic ray, up to sublinear tracking. Thus a κ-Morse (L, θ)-ray is associated with a
unique equivalence class a ∈ ∂κX.

Proof. By Lemma 3.4, there exists a geodesic ray a such that a and α κ-tracks each other. Then
Proposition 3.1 implies that a is κ-Morse. Since every κ-Morse geodesic ray is in a unique equivalence
class a ∈ ∂κX, we get that α is associated with a ∈ ∂κX. Suppose α is in a κ-neighbourhood of
another κ-Morse geodesic ray a′, we have that a′ and a κ-track each other and thus a′ ∈ a. �

4. SBE on sublinearly Morse boundaries

4.1. Proof of Theorem A. In this section we look at the induced map of a given SBE Φ: X → Y
on ∂κX. To begin with, we need the following basic observation about (L, θ)-ray and geodesics
that are in sublinear neighbourhoods of each other. The proof is identical to the analogous claim
in [QRT20] regarding quasi-geodesic rays and geodesic rays:

Lemma 4.1. Let β be a (L, θ)-ray and a be a geodesic ray, both based at o ∈ X. Suppose that

β ⊆ Nκ(a,m)

for some function κ and some constant m. Then we also have

a ⊆ Nκ+θ(β,m′)

for some constant m′. Especially, if κ dominates θ, then for some m′

a ⊆ Nκ(β,m′).

o a

β̂

yq

z

Figure 5. ‖y‖ = ‖z‖ and q ∈ πa(z) as in the proof of Lemma 4.1.
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Proof. The core of the proof is the same as that of [QRT20, Lemma 3.1]; we reproduce it here for
completeness. First, assume for simplicity that β is a continuous θ-ray. Let y ∈ α be a point and
let r := ‖y‖. Let z ∈ β be a point such that ‖z‖ = r and let q be a nearest point projection of z to
a. By assumption,

dX(z, q) ≤ m · κ(r).

On the other hand,

dX(y, q) = |‖y‖ − ‖q‖| since a is geodesic

= |‖z‖ − ‖q‖|
≤ dX(z, q) by the triangle inequality.

Therefore we have

dX(y, β) ≤ dX(y, z) ≤ dX(y, q) + dX(q, z) ≤ 2dX(z, q) ≤ 2m · κ(r)

which completes the proof in this case. Note that we can take m′ = 2m. Now, β may not be

continuous. Nevertheless, by Lemma 2.4 there is a continuous θ-ray β̂ that θ-fellow travels with

β. Keeping y as before, and applying the previous argument to β̂, there is z ∈ β̂ with d(y, z) 6
2m · κ(r); but then also, d(z, β) 6 m1θ(r),and then d(y, β) 6 2mκ(r) +m1θ(r) 6 m′(θ(r) + κ(r)),
as required. �

Let Φ: X → Y be a (L, θ)-SBE; we are now ready to define the induced map Φ?.
Given a (q,Q)-quasi-geodesic ray ζ : [0,∞) → X in X, we assume without loss of generality

that the image of ζ is a continuous path. Let Φζ be the (Lq, θ)-ray in Y constructed from the
composition of ζ and Φ.

Proposition 4.2. Assume that κ dominates θ, and let Φ be a (L, θ)-sublinear bi-Lipschitz equiva-
lence from X to Y , where X and Y are proper geodesic metric spaces. Two κ-Morse quasi-geodesics
α and β in X κ-fellow travel each other if and only if Φα and Φβ κ-fellow travel each other in Y .

Proof. If α and β in X κ-fellow travel each other with multiplicative constant n, then at radius r,
the distances between points of Φα and Φβ is apart by

L(n · κ(r)) + θ(r) ≤ (Ln+ 1)κ(r)

thus Φα and Φβ κ-fellow travel each other in Y . By Proposition 2.12, there exists an inverse, Φ,
that is also an (L, θ)-SBE. Thus we have that if Φα and Φβ are n′ · κ(r)-tracking, then ΦΦα and
ΦΦβ are (Ln′ + 1)κ(r)-tracking each other by the preceding argument. Furthermore, α, β are θ(r)
tracking ΦΦα and ΦΦβ, respectively. Thus α, β are tracking each other with distance at most

(Ln′ + 1)κ(r) + θ(r) + θ(r) ≤ (Ln′ + 3)κ(r). �

Definition 4.3. It follows from Proposition 4.2 that two quasi-geodesics ζ and ξ in X κ–fellow
travel each other if and only if Φζ and Φξ κ-fellow travel each other in Y . Also by Corollary 3.3, the
property of being in Morse-neighbourhood of a Morse geodesic ray is preserved under an (L, θ)-SBE.
Hence, [ζ] ∈ ∂κX if and only if [Φζ] ∈ ∂κY . We write a = [ζ] and b = [Φζ] and we thus define

Φ?(a) = b.

Theorem 4.4. Consider proper geodesic metric spaces X and Y , let Φ: X → Y be a (L, θ)-
sublinear bi-Lipschitz equivalence between X and Y and let Φ denote its inverse as in Proposi-
tion 2.12. Let Φ? be defined by Definition 4.3. Then for every sublinear function κ that dominates
θ, Φ? : ∂κX → ∂κY is a homeomorphism.
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Proof. By Definition 4.3, Φ? defined as above gives a bijection between ∂κX and ∂κY . We need to
show that (Φ?)

−1 is continuous. Then, the same argument applied in the other direction will show
that Φ? is also continuous which means Φ? is a homeomorphism.

Let V be an open set in ∂κX, bX ∈ V and Uκ(bX , r) be a neighbourhood of bX that is contained
in V. Let bY = Φ?(bX). We need to show that there is a constant r′ such that, for every point
aY ∈ Uκ(bY , r

′), we have

(Φ?)
−1(aY ) = aX ∈ Uκ(bX , r).

V

Uκ(bX , r) Uκ(bY , r
′)

bX

aX

bY

aY
Φ?

Figure 6. Φ? is a homeomorphism.

By Proposition 3.5, if ζ is a (q,Q)–quasi-geodesic ray in X then Φζ is in a κ-neighbourhood
of a unique κ-Morse geodesic ray, up to sublinear fellow travelling. Fix a particular geodesic
representative c from that class [Φζ] and let (q′,Q′) be the smallest pair of constants such that

Φζ ∈ Nκ(c,mbY (q′,Q′)).

By Proposition 3.3 mbY (q′,Q′) only depends on q,Q, L, θ and ζ. Thus we can consider a function
Φ′ : R2 → R2 that takes (q, Q) to (q′,Q′) by the map Φ on κ-Morse quasi-geodesic rays. Roughly
speaking, Φζ ”can be thought of” as a (q′,Q′)-quasi-geodesic ray in terms of their sublinear deviation
from the geodesic representative.

Next, let bY be the representative geodesic ray in bY and let mbX and mbY be their κ-Morse
gauges respectively. By Lemma 4.1, there is a constant n1 depending on L, κ such that

ΦbX ⊂ Nκ(bY , n1).

Next, we let

n = L
(
mbY (q′,Q′) + n1

)
(L+ 1) + 1

and let R = R(bX , r, n, κ) as in Definition 2.7. Choose r′ such that r′ ≥ LR + κ(r). Now let α ∈ aX
be a (q,Q)–quasi-geodesic in X, where

(1) Φα is a ray that is associated with an element in ∂κY that is in Uκ(bY , r
′), and

(2) q,Q is such that mbX (q,Q) is small compared to r.
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Pick x ∈ αX |R. Then Φx ∈ Φα|r′ and we have

dX(x, bX) ≤ L(dY (Φ(x),ΦbX) + θ(x)

≤ L
(
dY (Φ(x), bY ) + d(Φ(x)bY , bX)

)
+ θ(x)

≤ L
(
dY (Φ(x), bY ) + n1 · κ(Φx)

)
+ θ(x)

≤ L
(
mbY (q′,Q′) + n1

)
· κ(Φx) + θ(x)

≤ L
(
mbY (q′,Q′) + n1

)
· κ(Φx) + κ(x)

We also have

κ(Φx) ≤ Lκ(x) + θ(x) ≤ (L+ 1)κ(x)

Combine the preceding inequalities we have

dX(x, bX) ≤ L
(
mbY (q′,Q′) + n1

)
· (L+ 1)κ(x) + κ(x)

≤
(
L
(
mbY (q′,Q′) + n1

)
(L+ 1) + 1

)
κ(x)

imply that

α|R ⊂ Nκ(bX , n).

Now, Definition 2.7 implies that

α|r ⊂ Nκ(bX ,mbX ).

Therefore, aX ∈ Uκ(bX , r) and

(Φ?)
−1Uκ(bY , r

′) ⊂ Uκ(bX , r).

But Uκ(bY , r
′) contains an open neighbourhood of bY , therefore, bY is in the interior of ΦV. This

finishes the proof. �

4.2. An application. In [Be19], Behrstock considers an infinite family of right-angled Coxeter
groups. The definining graphs for one of the smallest pair of Behrstock’s groups are as follows.
Γ14 is the simple graph on 28 vertices {a1, a2, . . . , a14, b14} where for c, c′ ∈ {a, b} there is an
edge between ci and c′j if and only if |i − j| = 1. Γ is the graph Γ14 to which we add a 5-cycle
a1 − a4 − a7 − a10 − a13.

Let W13 and W be the right-angled Coxeter groups with defining graphs Γ13 and Γ′ as above
respectively.

Lemma 4.5. W and W13 have quadratic divergence. In particular, they are not hyperbolic relative
to any of their subgroups of infinite index, and their asymptotic cones are not tree-graded spaces.

The fact that W has quadratic divergence and is not relatively hyperbolic was checked by Behr-
stock [Be19]. We follow the same method, and apply it to W13 as well below.

Proof. Let us prove that W and W13 have the Dani-Thomas CFS property, defined in [DT15, 4.2].
Dani and Thomas associate new graphs to the defining graphs of right-angled Coxeter groups. Let
us denote Λ and Λ13 the graphs associated to Γ and Γ13 respectively. The vertex sets in Λ and in
Λ13 are the four-cycles in Γ and Γ13 respectively, and there is an edge between λ and λ′ if λ and
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a1

b1

a2

b2

a3

b3

a4

b4

a5

b5

a6

b6

a7

b7

a8

b8

a9

b9

a10

b10

a11

b11

a12

b12

a13

b13

Figure 7. The graph W (when compared to W13, additional edges are colored).

λ′ share a common edge. In the graph Λ, there are 56 vertices, described in terms of loops in λ as
follows:

λai = ai − ai+1 − ai+2 − bi+1 i = 1, . . . , 11

λbi = bi − bi+1 − bi+2 − ai+1 i = 1, . . . , 11

λ′
a
i = ai − ai+1 − bi+2 − bi+1 i = 1, . . . , 11

λ′
b
i = bi − bi+1 − ai+2 − ai+1 i = 1, . . . , 11.

µi = ai − ai+1 − bi − bi+1 i = 1, . . . , 12

There is an edge λai and λ′
a
j and between λbi and λ′

b
j if and only if 0 6 j − i 6 1, an edge between

λ′
a
i and λ′

b
j if and only if |j − i| = 1, an edge between λai and λ′

b
j and between λbi and λ′

a
j if and

only if 0 6 i − j 6 1, and, finally, an edge between µi and λaj or λbj if 0 6 i − j 6 1. It is clear
from this that Λ is connected. Moreover, any vertex of Γ is present in at least one loop that is
represented by a vertex in Λ, that is, using the words of Dani-Thomas, the single component of Λ
has full support. This is precisely the property CFS.

It now follows from [DT15] that the groups W and W13 have quadratic divergence. Since the
relatively hyperbolic groups have exponential divergence W and W13 are not relatively hyperbolic
[Sis12], and their asymptotic cones are not tree-graded spaces [DS].

Let’s now consider the graph Λ13. As compared to Λ, there are sixteen additional loops, namely

ai − ai+3 − ai+2 − ai+1

ai − ai+3 − bi+2 − bi+1

ai − ai+3 − bi+2 − ai+1

ai − ai+3 − ai+2 − bi+1
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for i ∈ {1, 4, 7, 10}. All these new loops are easily seen to be connected in Λ13 to one of the λai , λbi ,

λ′
a
i , λ′

b
i . It follows that W13 has the CFS property. �

Lemma 4.6. Let κ be a sublinear function, ∂κW13 is totally disconnected.

Proof. Let ci = aibi, then it is known that the following graph defining a right-angled Artin group
on the vertices embeds in W13 as a finite index subgroup [DJ00].

c1 c2 c3 c4 c5 c6 c7 c8 c9 c10 c11 c12 c13

Figure 8. Right-angled Artin group defined by a path, A13.

By [IZ, Theorem 1.1], ∂κA13 continuously injects into the Gromov boundary of the contact graph
of the associated Salvetti complex. Since contact graphs are quasi-isometric to trees [Hag14], their
Gromov boundaries are totally disconnected. Thus ∂κA13 is totally disconnected. Since W13 is
quasi-isometric to A13, we have that ∂κW13 is also totally disconnected. �

Proposition 4.7. W and W13 are not sublinear biLipschitz equivalent.

Proof. The 5-cycle in Γ induces an embedding of a finite-index subgroup of the Coxeter group
∆ = 〈r, s, t | (rs)5, (st)2, (tr)4〉 in W . ∆ itself is a finite-index subgroup of a hyperbolic surface
group. Behrstock proves that the embedding in W is stable. Since ∆ is a finite index subgroup of
a hyperbolic group, the sublinearly Morse boundary of ∆ is also a circle. On the other hand, by
Lemma 4.6, ∂κW13 is totally disconnected and thus it does not contain a circle. Therefore ∂κW
and ∂κW13 are not homeomorphic, and thus we conclude from Theorem 4.4 that W and W13 are
not sublinear biLipschitz equivalent. �

It follows from the work of Hagen, Kazachkov and Casals-Ruiz [HKR] that W and W13 have
unique asymptotic cones. Up to our knowledge, it was not known whether the asymptotic cones of
W13 and W are biLipschitz homeomorphic or not.

Remark 4.8. It is also worth noting that even though we distinguish the κ-Morse boundaries of
W13 and W by the Morse boundaries that are proper subspaces of their κ-Morse boundaries, Morse
boundaries in general are not SBE-invariant, therefore it was necessary to invoke Theorem 4.4.

5. Random walk on groups and sublinear rays

Random walks. Let G be a countable group, and let µ be a probability measure on a symmetric
generating set of G. We consider the step space (GN, µN), whose elements we denote as (gn). The
random walk driven by µ is the G-valued stochastic process (wn), where for each n we define the
product

wn := g1g2 . . . gn.

We denote as (Ω,P) the path space, i.e. the space of sequences (wn), where P is the measure induced
by pushing forward the measure µN from the step space. Elements of Ω are called sample paths and
will be also denoted as ω. Finally, let T : Ω→ Ω be the left shift on the path space.
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Background on boundaries. Let us recall some fundamental definitions from the boundary
theory of random walks. For a more extensive exposition, see [Kai00]. Let (B,A) be a measurable
space on which G acts by measurable isomorphisms; a measure ν on B is µ-stationary if ν =∫
G
g?ν dµ(g), and in that case the pair (B, ν) is called a (G,µ)-space. Recall that a µ-boundary

is a measurable (G,µ)-space (B, ν) such that there exists a T -invariant, measurable map bnd :
(Ω,P)→ (B, ν), called the boundary map.

Moreover, a function f : G → R is µ-harmonic if f(g) =
∫
G
f(gh) dµ(h) for any g ∈ G. We

denote by H∞(G,µ) the space of bounded, µ-harmonic functions. One says a µ-boundary is the
Poisson boundary of (G,µ) if the map

Ψ : H∞(G,µ)→ L∞(B, ν)

given by Ψ(f)(g) :=
∫
B
f dg?ν is a bijection. The Poisson boundary (B, ν) is the maximal µ-

boundary, in the sense that for any other µ-boundary (B′, ν′) there exists a G-equivariant, mea-
surable map p : (B, ν) → (B′, ν′). The result of this section concerns the shape of all sample
paths.

Theorem 5.1. Let G be the mapping class group Mod(S) of a finite type surface, or let G be a
relatively hylic group. Let µ be a probability measure on G with finite first moment with respect to
the metric d, such that the semigroup generated by the support of µ is a non-amenable group. Let
κ(r) = log(2 + r). Then there exists a constant A such that almost every sample path (wn) is such
that (wno) is a κ-sublinear ray. Moreover, the upper and lower large-scale Lipschitz constants of
(wn) are equal, that is, there exists A such that

(5.1) A|n−m| − κ(max(n,m)) 6 d(wn, wm) 6 A|n−m|+ κ(max(n,m)).

Proof. By Theorem C in [QRT20],

lim sup
n→∞

dw(wn, γω)

log n
< +∞.

Thus there exists a C such that

lim sup
n→∞

dw(wn, γω) ≤ C log n

By [MT18], weakly hyperbolic groups have positive drift on their respective associated hyperbolic
spaces. And by the Distance Formula (Masur-Minsky [MM00]), distance (to the origin) in the
random walk on the group is coarsely bounded by the distance to the origin in the associated curve
graph dS . Thus random walks on a mapping class groups have positive drifts ([MT18]) That is to
say, there exists an A such that for n large enough

d(wno, o) ≥ An.

Let pn denote the nearest point projection of wn to γω. We have by triangle inequality

d(o, pn) ≥ d(wno, o)− d(wno, pn)) ≥ An− C log n.

We have that as n→∞

An ≥ lim d(o, pn) lim ≥ An− C log n = An = d(o, γ(An)),

where the last equality comes from the fact that γ is unit speed. Therefore

d(wno, pn) = C log n = d(wno, γ(An)).
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Next we construct a map on γ such that for each i ∈ N and t ∈ [i− 1
2 , i+ 1

2 ) we define:

T (γ(At)) := wi.

We need to show that this is a sublinear bi-Lipschitz equivalence. For any given t, t′, assume that
t ∈ [i − 1

2 , i + 1
2 ) and t′ ∈ [j − 1

2 , j + 1
2 ) and also assume without loss of generality that j − i, we

have that

d(T (γ(At), γ(At′)) = d(wi, wj) ≤ d(wi, γ(Ai)) + |j − i|A+ d(wj , γ(Aj))

≤ A|j − i|+ 2C log ‖wj‖
≤ A|t− t′ + 1|+ 2C log ‖wj‖
≤ A|t− t′|+ 2C‖ logwj‖+ 1

On the other hand we have

d(T (γ(At), γ(At′)) = d(wi, wj)

≥ A|j − i| − d(wi, γ(Ai))− d(wi, γ(Ai))

≥ A|j − i| − 2C log j

≥ A|t− t′| −A− 2C log ‖wj‖.

Thus T is an SBE and the image of the geodesic γω contains the sample path and is an (A, log n)-
ray. The proof for G is a relatively hylic group is identical, using also the facts that relatively
hylic group is weakly hyperbolic and there is also a distance formula that is similar to that of the
mapping class group [Sis13]. �

More generally, aside from the aforementioned two groups, the conclusion can be applied to a
wider range of countable groups with a compact boundary. We say a boundary is stably visible
if any sequence of geodesics whose endpoints converges to two distinct points on the boundary
intersects some bounded set of X. We can then combine the same argument as Theorem 5.1 and
apply Theorem 6 in [Tio15] to obtain the following:

Theorem 5.2. Let G be a countable group acting via isometries on a proper, geodesic, metric space
(X, d) with a non-trivial, stably visible compactification. Let µ be a probability measure on G with
finite first moment with respect to d, such that the semigroup generated by the support of µ is a
non-amenable group. Then there exists a constant A and a sublinear function κ such that almost
every sample path (wn) is such that (wno) is a (A, κ)-biLipschitz ray.

Example of such compactifications includes but are not limited to:

(1) the hyperbolic compactification of Gromov hyperbolic spaces;
(2) the end compactification of Freudenthal and Hopf [Hop44];
(3) the Floyd compactification (Section 3.2, [Tio15]);
(4) the visual compactification of a large class of CAT(0) spaces (Section 3.4, [Tio15]).
(5) the redirecting compactification of asymptotically tree-graded spaces ([QR23]).
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74, 1996.

[Qin16] Y. Qing, Geometry of Right-Angled Coxeter Groups on the Croke-Kleiner Spaces, Geom. Dedicata 183

(2016), no. 1, 113–122.



22 GABRIEL PALLIER AND YULAN QING

[QRT19] Y. Qing, K. Rafi and G. Tiozzo, Sublinearly Morse boundary I: CAT(0) spaces, Advances in Mathematics,
404, 108442.

[QRT20] Yulan Qing, Kasra Rafi, and Giulio Tiozzo. Sublinearly Morse Boundary II: Proper geodesic spaces

arXiv:2011.03481
[QR23] Yulan Qing and Kasra Rafi. Compactification of Asymptotically Tree-graded Spaces, in preparation

[QZ19] Y. Qing and A. Zalloum, Geometry and dynamics on sublinearly Morse boundaries of CAT(0) groups,
arxiv.org/abs/1911.03296

[Sis12] A. Sisto, On metric relative hyperbolicity, arXiv:1210.8081.

[Sis13] A. Sisto, Projections and relative hyperbolicity, Enseign. Math. (2) 59 (2013), no. 1-2, 165–181.
[Tio15] G. Tiozzo, Sublinear deviation between geodesics and sample paths, Duke Math. J. 164 (2015), no. 3,

511–539.

[Zal21] Abdul Zalloum Convergence of sublinearly contracting horospheres to appear in Geometric Dedicata.

Karlsruhe Institute of Technology, 76131 Karlsruhe, Germany
Email address: gabriel@pallier.org

Shanghai Center for Mathematical Sciences, Fudan University, Shanghai, China
Email address: yulan.qing@gmail.com


	1. Introduction
	1.1. Boundaries
	1.2. Sublinear biLipschitz equivalence
	Application
	1.3. Random walks
	1.4. Organization of the paper

	2. Preliminaries
	2.1. Notation and convention for the sublinear functions
	2.2. Sublinear estimates
	2.3. Quasi-geodesics and -rays
	2.4. Definition of the sublinearly Morse boundary X
	2.5. Sublinear biLipschitz equivalence

	3. -SBE invariance of the -Morse quasi-geodesic rays, when = O()
	3.1. -Morse rays

	4. SBE on sublinearly Morse boundaries
	4.1. Proof of Theorem A
	4.2. An application

	5. Random walk on groups and sublinear rays
	Random walks
	Background on boundaries

	References

